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Classical vector analysis is rife with geometric and physical ideas, but appears pre-
carious from a modern viewpoint of pure mathematics. Modern vector analysis with
differential forms is surely up to the contemporary standard of mathematical rigor, but
geometric ideas are completely lost in the bulk of dull calculations. The main goal in
this paper is to show that synthetic differential geometry, which has replenished dif-
ferential geometry with nilpotent infinitesimals, can mathematically sanitize classical
vector analysis by eradicating its total confusion between approximate calculations and
infinitesimal calculations, thereby helping it retrieve mathematical rigor.

KEY WORDS: synthetic differential geometry; vector analysis; rotation; divergence;
divergence theorem; Stokes'’s theorem.

1. INTRODUCTION

Vector analysiss a must for any student who majors in physics and its related
disciplines. It is an indispensable language for classical mechanics, electromag-
netics, and fluid dynamics, to say the least. On the other hand it is a very difficult
subject for pure mathematicians to teach [cf. Hirota (2000)]. Its classical treatment
is replete with geometric intuition and interest, but is mathematically porous. Its
modern treatment with differential forms is mathematically rigorous but obscures
the geometric meaning of such important concepts and results as the divergence
theorem and Stokes’s theorem, possibly causing the subject to degenerate into a
mass of dull calculations. The classical treatment of vector analysis lacks math-
ematical rigor, because it confuses infinitesimal calculations with approximate
calculations. It could not help doing so in order to express its geometrically vivid
ideas, for there has been no sanctuary for nilpotent infinitesimals in orthodox dif-
ferential geometry of our age. If we have to call the modern treatment of vector
analysis a victory, we would like to call it a Pyrrhic victory.

Synthetic differential geometgnunciated by Lawvere in the 1960s is the
vanguard of modern differential geometry, in which nilpotent infinitesimals, once
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ostracized from orthodox differential geometry as logical anathema, are not only
abundantly available but also coherently organized with mathematical rigor. The
principal objective of this paper is to give a good introduction to synthetic dif-
ferential geometry for working physicists by presenting a synthetic treatment of
classical vector analysis. The paper does not assume any familiarity with the theory
of smooth manifolds. We hope that the paper will transmogrify the most conserva-
tive physicist into an aficionado of synthetic differential geometry. After reading
the paper, the reader is expected to tackle Kock’s bible of synthetic differential
geometry, which may appear more metaphysical than mathematical at first reading
(Kock, 1981). In particular, the reader is highly encouraged to read his geomet-
ric treatment of differential forms. The synthetic treatment of differential forms,
which is faithful to the tradition of classical vector analysis in spirit, is much more
geometric than the standard one.

The organization of this paper goes as follows: Sections 3 and 4 of this paper
are devoted to the divergence and Stokes's theorems respectively. Both theorems
are proved on the infinitesimal horizon at first, and are generalized to the local
level. In Section 5 we are concerned with the geometric meaning ofrdiv= 0.
Section 2 is a laconic review of elementary calculus from a synthetic viewpoint,
though we assume familiarity with Chapter 1 of Lavendhomme (1996).

2. ELEMENTARY CALCULUS

We denote bR the (extended) set of real numbers with a cornucopia of nilpo-
tentinfinitesimals, which is assumed to be a unitary commutative ring. We denote
by D the sef{d € R | d? = 0}. The following Kock—Lawvere axiom is enough to
engender elementary differential calculus (at least up to Taylor expansions):

Axiom 2.1. Forevery function f.: D — R there exists a unique & R such that
f(d) = f(0)+ db for any de D.

We assume that there exists a preordem R which is compatible with the
unitary ring structure oR and satisfies the following condition:
0<d and d <Oforanyd € D. (2.1)

Givena, b € R, we denote byd, b] the set{x e R | a < x < b}.
The following integration axiom is enough to engender elementary integral
calculus:

Axiom 2.2. For every function f: [0, 1] — R there exists a unique function
g:[0,1] - Rsuchthatg= f and g0) = 0.

The proof of the following striking proposition is simple.
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Proposition 2.1. Givenae R, d € D, and a function f: [a, a] — R, we have
a+d
/ f(t)dt =df(a). (2.2)
a

Proof: See the proof of Proposition 11 of Lavendhomme (1996, Section 1.3).
O

3. DIVERGENCE

Let f be a vector field oiR®, so thatf assignsi(<) = (f (%), g(x), h(x)) =
(f(x,y,2),9(x,Y,2), h(x, y, 2) € R¥to eachx = (x, y, 2) € R. Letup, Vo, Wo,
U1, V1, W1 € R with ug < uq, vg < vy, andwg < w;. We assume that we have
a function [, ui] x [Vo, v1] x [wo, w1] — R? assigningx(u) = x(u, v, w) =
(x(u, v, w), y(u,v,w), z(u,v,w))eR® to each u=(u,v,w) e [ug, Ug] x
[Vo, Vo] x [Wo, Wp]. Let dj, do,d3 € D. Let ug= (Ug, Vo, Wo) and o=
(X0, Yo, 20) = %(Uo). Then we have

Theorem 3.1(Infinitesimal Divergence Theorgm
Up+0dz Vo+dz Wo+d3 a a a
/ / / (div ) [—X,—X,—X]dudvdw
Uo Vo Wo ou av ow
Uo+d; pVvot+ds %
=/ / f(x(u, v, wo + d3)) - (—(u,v,wo+d3)
Up Vo 8u

ox Vo+d2 pWo+ds
X 8—V(u,v, Wo + dg)) du dv+/ / f(x(uo + dg, v, w)) -
Vo

Wo

Wo+dz U+
(%(uwrdl,v, W) x g—i(uO+d1,v,w)) dv dw+ A /UO

Vo+dz2 ,Wo-+d3
- / / 10U, v, W) - <%(Uo, vow) x o, v,w)) dv dw
Vo au ov

Wo

5 5
F04(U, Vo + o, W)) - (a—i(u, Vo + o, W) x 8—>j(u, Vo + d, W) ) dw du

Up+dy pVo+dz ax 9%
—/uo /VO f(x(u, v, wp)) - (a(u,v, Wp) X E(u,v, Wp) | dudv

Wo+0d3

Uo-+dy A% 9%
- f [} y N . ) [} ~ ) ] d d
/uo (4(U, Vo, W) <aw(” Vo, W) X 2, vy w)) wdy

Wo

(3.1)
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6g :
wherediv f stands forﬁ +38 42 az, , » ] stands for the scalar triple pro-

duct, - stands for the scalar product, and the vector product is denoted by the
same symbak as that for products of sets.

Proof: We have

Up+dy pVo+d; Ox ax
f(e(u, v, A —(,v, —(u, v, dud
/uo /VD (¢(u, v, wp)) (E)u(u V, Wp) X av(u % w0)> udv

= d1dxf () - (g—ﬁ(uo) X %(UO)) [Proposition 2.1] 3.2

Up+d; Vo+0d2 BX
/ / f(2(u, v, Wo + ds)) - <—(U,V, Wo + da)
U Vo au

X
—(u, v, d3) )dud
xav(uvwo+ 3)) udv

)4 )4
= d1dof(%(uo, Vo, Wo + d3)) - (E(Uo, Vo, Wo + dg) x E(Uo, Vo, Wo + ds))

(u@)

[Proposition 2.1]

= dydaf (Xo + ds%(%)) : { ( (Uo) + ds

2
X (g—é(Uo) +d3 8\8/ 8Xw (U0)> }

—dldz{f(xmdg—(ua () + 0 22 (1) (xO)+d3—(uO) (XO)}

52
{<—(Uo)+dsa X (o)) <g—\>f(Uo)+ sasaw(uo))}

2
— dydi(vo) - <§—§(u@) x %(UO)) + dldzda{f(xo)- (§—>j<u0> x X (uO))

oV oW

2

f
() + a0 () (G ) x o))

+160) - (5o (o)

+ aa—vyv(uO)g—j(xO) ~ (z—ff(u()) ‘ %(u@) 2 ) ) -

(g—f(uw . g—f(u()))}
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2.
— (o) - (g—ff(uO) ‘ %(%)) - ot § 7(x6) - (g—f(uO) « OX (uO))

d d
2 a—z (Uo) 3—3; (Uo)

0z 0z
—(u — (U
55 (o) - (uo)

+10) (G 00) X o)) + o (20 (5

ouow

0z 0z aX IX

—(Uo) ——(Uo) —(Ug) ——(uo)
ax a9 au v ox ,  oh au v
+ m(uo)&(xo) B_X(u ) a_x(u | + m(uo)&(xo) ﬂ(u ) 8_y(u )
IR VA au v °

ay ay 0z 0z
. 3_y(u )ﬂ(x) au(Uo) av(uo) . 3_y(u )3_g(x) au(Uo) aV(UO)
aw " ° ay 0 aw - ° ay 0

0z 0z aX X
ﬁ(uo) W(UO) %(Uo) E(UO)
9% % ay ay
8y ah %(UO) E(UO) 0z of E(UO) E(UO)
+ a—(uo)—(xo) + — (Uo) == (%%0)
U gy Dg | M P g g
au 0 v 0 au 0 v 0

az(u) BZ(U) 8X(u) ax(u)
9z , .09 au Y v ° oz , . dh aus Y vt
w052 ax ax T 5z ay gy
@(Uo) B_V(UO) @(Uo) 8_V(UO)
(3.3)

Vo+d2 pwo+d3 ax ox
/VD [ f(X(UmV,W))'(%(Uo,V,W)XE(UO,V,W))dVdW

Wo

= dpdsf(xo) - <%(uo) X g—i(uo)> [Proposition 2.1] (3.4)

Vo+d2 ,Wotds 9%
/ / f(X(ug + dg, v, W)) - (@(Uo + dp, v, W)
Vo

Wo

IX
X a—v(uo +dy, vV, W)) dv dw
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2
— dhdf(vo) - (%(UO) ‘ aa—ji(uO)) ot § 1(56) - (g—f(uO) S (uO))

d d
2 a_\)j(UO) a—s\ll(uo)

0z 0z
v (Uo) W (Uo)

100 (o) X 502 (00)) + () 3 (5

0z 0z X aX
—(Uuo) —(uo) —(Uo) ——(Uo)
ox, a9 av( aw ax . ah v aw
+ %(UO)&(XO) a_x(u ) a_x(u | + E(UO)&(XO) ﬂ(u ) ﬂ(u )
av 0 ow 0 ov 0 ow 0
oy oy 0z 0z
E(UO) m(uo) E(UO) W(UO)

ay of ay 09
+ aU(UO) ay(XO) + au(Uo) ay(Xo)

0z 0z X aX
—~(Up) —(u ——(Up) —(u
av( 0) aw( 0) av( 0) 8W( 0)

ax ax oy ay
8y oh a_V(UO) a_W(UO) 9z of a_V(UO) a_W(UO)
+ S—(Uo)—(xo) + —(Uo) == (%%0)
U Y Dwa| M g 22 ()
ov 0 ow 0 v 0 ow 0
4 0z X aX
a_v(UO) a—W(Uo) a—V(Uo) B_W(UO)

0z a9 0z ah
+ %(UO)E(XO) + E(UO)E(XO) ﬂ(u | 8_y(u |
v aw P

0X aX
—(up) —(u
Bv( 0) aw( o)

[By the same token as in (3.3)] (3.5)

Wo+d3 pUo+0p
f / f(e(u, vo, w)) - (%(u, Vo, W) X g—ﬁ(u, Vo, W)> dwdu
Uo

Wo ow

= d1d5f (%) - (g—i(uo) X %(UO)) [Proposition 2.1] (3.6)

Wo+d3 pUo+dy %
/ / f((u, Vo + dz, w)) - <—(u,vO+dz,W)
Uo Iw

Wo

X %(u, Vo + db, W)) dw du
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— (o) - (ﬁ—i(uO) y %(u@) + oty § 1(46) - (aa—ji(u())

X

2% ax 92x%
2 av(uO)) +1(00) (WUO) S (uO))

0z

ay 0z
W (Uo) 30 (Uo)

ay
ax of Fw o) oo | g
+W(U0)&(Xo) E(U) g(U) +W(Uo)&(xo) 8_X(U) 8—X(u)
aw gu? aws  au°
X X ay ay
Tw (uo) Fm (o) W (Uo) 3 (Uo)

X oh oy, . of
+ a—v(Uo)a—X(Xo) + 8_V(UO)@(XO)

ay ay 0z 0z
Tw (uo) e (Uo) W (Uo) 0 (Uo)
0z 0z aX X
W (Uo) 0 (Uo) Tw (Uo) 30 (o)

ay og ay oh
+ B_V(UO)@(XO) + a_v(UO)B_y(XO) ay

i) 5 (o) o) 22 (o)

ay ay d9z 0z
+%(u )ﬁ(x) aW(Uo) BU(UO) +%(u )a—g(x) 8W(Uo) au(Uo)
O TR K TR
w7 gu? aw' > aut
X ax
9z ah a—W(UO) %(UO) )
+8_V(UO)E(X°) by [By the same token as in (3.3)]

o) 2o
(3.7)

It is well known in elementary linear algebra (Laplace’s expansion theorem, cf.
Ihara (1982), theorem 4.6) that

ay ay ay ay
8V(Uo) aW(Uo) 9% (Uo) au(Uo)

ax ow
E(UO) 0z 0z +W(UO) 9z 0z
W(UO) m(uo) 8—W(U0) @(UO)
ay ay
(o) = (o)
bt | 00 P [ G ()] @9

(o) 2o
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0z 0z 0z 0z
ay E(UO) m(uo) ay W(UO) E(UO)
a—(Uo) + —(uo)
u aX VA v X aX
E(UO) m(uo) m(uo) E(UO)
0z 0z
—(Uo) ——(Uo)
0 0 d d
O [%(u@%(uﬂo), %(UO)} (3.9)
ﬁ(Uo) a—V(Uo)
0X 0X 0X aX
597 B_V(UO) a—W(Uo) 9z 3_W(UO) E(UO)
35 (o) + ——(Uo)
u ay ay oV ay ay
W(UO) W(UO) a—W(Uo) %(Uo)
X 0X
—(Uuo) ——(uo)
0z au v )4 X ax
Fagt | 202 ), o (o gt (310)
%(Uo) E(UO)
ay ay ay ay
8—y(u) E(UO) m(UO) . Q(u) m(uo) %(UO)
au | az 3z v | oz 3z
v (Uo) W (Uo) W (Uo) U (Uo)
9y ay
ow 0z 0z
%(Uo) B_V(UO)
ay ay ay ay
g(u) 8_V(UO) 8_W(U0) . %(u) a_W(UO) a(Uo)
ou 0 0z A ov o1 5z 0z
v (Uo) W (Uo) w (Uo) U (Uo)
Wy Y
TP LT T (3.12)
ow 0z 0z
E(UO) E(UO)
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0z 0z 0z 0z
%(u) @(Uo) m(uo) N %(U) m(uo) %(Uo)
U Xy Py Py Xy
av 0 ow 0 ow 0 au 0
0z 0z
—(Uo) = (uo)
0z au v _
+ 5 (Vo) a_x(u) B_X(U) =0 (3.13)
aus vt ?
0z 0z 0z 0z
3_X(U) W(UO) W(UO) +8—X(U) m(uo) E(UO)
Wy g T Py X
ov 0 ow 0 ow 0 au 0
0z 0z
—(Uo) —(Uo)
9X au v _
+ 5 (o) a_x(u) 8—X(u) =0 (3.14)
aus v ?
0X 0X X oX
9% a_V(UO) a—W(Uo) ax B_W(UO) B_U(UO)
S_(UO) + —(uo)
Y 0 Dug| Y Dy D)
ov 0 ow 0 ow 0 ou 0
aX 0X
—(Up) ——(uo)
dX
+ ) | M VT — (3.15)
MW Y gy D)
au v ?
aX 0X aX X
ay 8_V(U0) a_W(UO) ay a—W(Uo) %(Uo)
8_(u0) + —(uo)
%00 Zw| " 2 ) D)
v gw? aw  gu?
aX daX
—(Uo) ——(uo)
0
RO T @10

dy dy B
U (uo) v (Uo)
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Therefore we have
(3.3)+ (35)+(3.7)— (3.2 — (3.4) — (3.6)

— (div F)(x0) [%(UO), 0% (o), a—x(uO)]

Uo+d; pVot+d; Wo+d3 X OX X
/ / / [ '3 I }du dv dw [Proposition 2.1]

(3.17)

This completes the proof. O

Now we would like to derive the usual local version of divergence theorem
from Theorem 3.1 step by step. Let us begin with

Lemma 3.2. We have

/ fVo+d2/Wo+d3 ] X X 99X du dv dw
u’ av’ aw

1 pVot+dz ax
=/ / f(x(u, v, wg + d3)) - (—(u,v, Wo + ds)
u Jvo au

% Vo+d2 pWo+ds
X a—v(u, V, Wo + d3)> dudv+ / / f(x(uq, v, W)) -
Vo

Wo

9% 9% Wotds U
—(ug, v, W —(uq, v, w) ) dvdw
(au(l ) )) <[]

f(x(u, vo + d2, w)) - (g—i(u, Vo + dg, W) x g—ﬁ(u, Vo + da, W)) dw du
Vo+d X
/ / f(x(u, v, wg)) - ( (u, v, wg) x —(u v, Wo)) dudv

Vo+d2 pwo+d3
—f / f(x(uo, v, wW)) - (B—X(uo, V, W) X 8—X(uo, v, w)) dv dw
Vo ou v

Wo

—/W0+d3/ #0¢(u, Vo, W)) - (—(u Vo, W) X (U Vo, W)) dw du

(3.18)
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Proof: Let us define a functiorf : [ug, u;] — R. For eachu, € [ug, u;] we
decree that

Vo+d2 W0+d3 Vo+d
f(Uz)—/ / f iv [gﬁ gx aX}dudvdw / /

X
fO¢(u, v, wo + d3)) - <£(u, V, Wp + dg) X a—v(u, V, Wo + dg)) dudv

Vo d Wo d3
—/ i f " f(x(uz, v, w)) - <%(u2,v, w) X 8—f(uz,v,w)> dvdw

—/Wo+d3f f(x(u, Vo, da, W)) - (—(u Vo + Oz, W)
0,0 4 0 w)) dw du-+ / / e, v, w))-

Vo+d2 pwo+d3
(—(u V, Wp) X —(u v, W0)>du dv—i—/ /

=[F(X(UO! v, W)) : <§—(U0, V, W) X a_v(uo, V, W)) dvdw

Wo+d3 ox
/ / f(¢(u, vo, w)) - ( (u, vo, W) x u(u,vo, W)) dw du

(3.19)
For eachd € D we have

f(uz +d) — f(d)

ux+d pvot+dz pwWotds X OX X ux+d pvot+ds
/ f f (dlvf)[ }du dv dw— / /
au’ v’ aw

aX
f(x(u, v, wo + d3)) - (8_u(u' V, Wo + d3) X a—v(u, vV, Wo + d3)> dudv

Vo+d2 ,wo+ds %
- f(x<u2+d,v,w))-<—<u2+d,v,w)
Wo+d3  pux+d
X —(uz—i—d v, W)) dvdw-— / / f(¢(u, vo + dz, W)) -
ux+d Vo+d2
<8—W(u,vo+d2,w) X E(u,v0+d2,w)) dw du—+ /uo /

ox ax Vo+d2 pwo+03
f(x(u, v, wp)) - (%(u, V, Wp) X a—v(u, v, W0)> du dv+/ f
Vo

Wo
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o) (g_f(uo’ v, W) x g_i(uO,v, W)) dvdw+ /W0+d3/

Wo

f(x(u, vo, W)) - (g—i(u, Vo, W) X g—ﬁ(u, Vo, w)) dw du

Uz pVot+do pWotds Vo+do
_/ / / (div ) [a—x,%,a—x]dudvdm/ /
ue Jvo Wo du av ' ow

H4(u, v, Wo + da)) - (g—ﬁ(u, v, Wo + d) %(u, v, Wo + dg)) dudv
/ e / " v w)) - (;’_)j(uz, VW) (U, w)) dv dw

+ / e / F(4(U, Vo + db, W)) - (—(u Vo + dp, W)

< vo+d2,w)> dw du— / / T e, v, wo)) - ( (U, v, Wo)

< v, w0)> dudv— f e / " o, v w)) - (g_ﬁ(uo, v, )

< (o, w)) dvaw— [ / F0:(U, Vo, W) - ( (U, Vo, W)

X %(u, Vo, W)> dw du

ux+d pvot+dz pwo+ds 9 9 9 Up+d pvo+d;
/ / / (d|vf)[a>j ax X}dudvdw/ f

fO¢(u, v, wo + d3)) - (g—ﬁ(u, V, Wo + d3) X 2—V(u, v, Wo + d3)) dudv
Vo+dz2 ,Wo-+d3 ax
[ et d vy (@(uﬁd, v, w)

ox Wo+d3 puUx+d
X a—v(u2+d,v, W)) dvdw— / f(x(u, vo + d2, w)) -

8X 8X ux+d Vo+d;
—(u, vo + do, W —(u, vg + dy, w) Jdw du
(8W( o o, W) X (w0 + 0 )) +/u2 f

X % Vo+d2 ,wo+ds
f(x(u, v, wo)) - <%(u, V, Wp) x a_v(”’ v, Wo)) du dV+/ [
Vo

Wo
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8X 8X Wo-+d3 uzx+d
e(lz, vy W) - (@(uz, VW) X v, w)) avaw+ [ [
uz

Wo

f(x(u, vo, W)) - <§—\i(u, Vo, W) X g—i(u, Vo, W)) dwdu=0

[Theorem 3.1] (3.20)

This means that’ = 0 on [ug, U], so thatf is constant onyg, u;]. Sincef (ug) =
Otrivially, we havef = 0on [ug, ui]. Inparticular,f (u;) = 0, whichis tantamount
to (3.18). O

Next we will show that

Lemma 3.3. We have

L o[ 2 2
_ / / F64(u, v, Wo + ) - (%(u,v, Wo + d3)

<oy k) duavs [ :V°+d3f(x(u1, v.w)-
(G v x s v v s [ . [ et v,y
(—(u wowx X, vl,w)> dw du— / f f(e(u, v, W) -
(Gt we) S v duav= [ [° et v
(2 v o vom Y avaw— [ oo, w-

(&

—(u, Vo, W) X 8—(u Vo, W)> dwdu (3.22)

Proof: Letusdefineafunctiog : [vg, V1] — R. Forany; € [vg, V1] we decree
that

Q(Vz)—/ f /W°+d3(d| f)[gﬁ gx ax]d u dv dw-— / /

ax X
f(<(u, v, wo + d3)) - (%(u, V, Wg + d3) x 8—V(u, v, Wo + dg)) dudv
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Va2 (WortCs ax ax
—/VO / f(x(ug, v, w)) - (ﬁ(ul’ V, W) X W(ul’ v, W)> dvdw

Wo

_/W0+d3/ fx(u, vz, w)) - (—(u V2, W) X —(u Vg, W)> dw du
/ f f(x(u, v, wp)) - <—(u V, Wp) X —(u v, Wo))du dv
/ /W0+d3f(><(uo, v, w)) - (g—i(uo, V, W) X %(uo, v, w)) dvdw

/W0+d3/ulf(x(u, Vo, W)) - ({Ja_j(\/(u, Vo, W) X g—?j(U, Vo, W)) dw du
(3.22)

For anyd € D we have
g(v2 +d) — g(v2)

Vo+d Wo+d3 vo+d
// / (div f)[ax 0x ax]dudvdw //
au’ av' ow

F(¢(u, v, wo + dg)) - <g—>j

Vo+d pwo+ds % %
f / f(x(ug, v, w)) - <%(u1, V, W) X W(ul’ v, w)) dv dw

_/W°+d3/ F(<(U, V2 + d, W)) - (—(u V2 +d, w)

(u, v, wg + ds) x a—é(u, vV, Wo + d3)> dudv

(u Vo +d, W)) dw du+/ /V2+df(x(u Vv, W)) - ( (u, v, wg)

vo+d  ,wotds
X %(U,V, Wo)) du dv+/ / f(x(ug, v, W)) - (%(uo,v, w)
Vo

Wo ou

(uo,v w)) dvdw+ /W0+d3/ f(¢(u, vo, W)) - (—(u Vo, W)

Woks 9x 9 0
(u VO,W)>deu—f / f (div )[ X X}dudvdw
au’ v’ aw
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+/Ul/\lzf(x(u, v, Wo + d3)) - (g—ﬁ(u, v, Wo + da)

x —(u v, wO+d3)) du dv+/ /Wﬁdgf(X(ul,v, w)) -
(g—u(ul,v,w) x E(ul,v, w)) dvdw+ fwo+d3/ fG<(u, vz, w)) -
(%(u,vz,w) x g—ﬁ(u,vg,w>dw du— / f £(<(u, v, Wo)) -
(%(u,v, Wo) X %(U,v, Wo)) dud / /W0+d3f(X(U0,V,W))'
(2 w0 vy 2 v, ) v o [ [t vo -
(8_X(U,VO, W) x %(u,vo,w)> dw du

Vo+d Wo+d3 up Vo+d
/ / / (div f)[a—x o B—X]dudvdw—/ f
du’ v’ Iw U Jvs

X X
f(x(u, v, wo + d3)) - <E(u, V, Wp + d3) X a—v(u, v, Wo + d3)> dudv

Vo d Wo d3

/ ' / i f(x(uy, v, w)) - (g—ﬁ(ul, vV, W) x z—f(ul,v, W)) dvdw
Wo+d3 X

f / f(<(u, v2 + d, w)) - (m(u,vg+d,w)

X —(u, Vo +d, W)) dwdu+ /U1/vz+df(x(u, V, W)) -

( (u, v, wg) x (u v, W0)> dudv+ /Vz+d/W0+d3f(X(uo, v, W)) -
Wo+ds

(a—u(uo, vV, W) X a—v(uo,v, W)) dv dw+/ / f(x(u, va, W)) -

% ax
(m(u, Vo, W) X E(u, Va, W)) dwdu=0 [Lemma 3.2] (3.23)

This meansthal’ = 0 on [vo, v1], So thatg is constant ony, v4]. Sinceg(vg) = 0
trivially, we haveg = 0 on [vy, v1]. In particular,g(v1) = 0, which is tantamount
to (3.21). O
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Finally we have

Theorem 3.4(Divergence Theorem

Uy Vi
/ / / (div f)[ax 0x¢ ax]dudvdw
u Jvo au’ av

= /ul/-vlf(X(u, v, Wp)) - <%(u, V, Wq) X g—é(u, v, W1)> dudv

+[,:l£vtlf(x(ul’ v, W)) -

(&
f(x(u, v, w)) - | =—(u, v1, w) x %(u,vl,w) dwdu
L (e < o)
(&
(

X Bl
8_(u1' V, W) x a—f(ul, v, W)) dvdw

/ / F((u, v, Wo)) -

Vi X X
—/;O f(<(ug, v, w)) - E(uo, vV, W) X a(uo v, W)) dvdw

Wo

(u, v, wg) x ff(u, v, Wo)> dudv

—/Wl/mf(x(u, Vo, W)) - (a—w(u, Vg, W) X g—ﬁ(u, Vo, W)) dwdu (3.24)

Proof: Let us define a functiom : [vp, vi] — R. For anyw, € [wp, w;] we
decree that

nws) = | : / [ i ﬁ)[ax ¢ ax]dudvdw (v, wa))

au’ av o Jvo

(z—ﬁ(u,v, W3) X %(u,v, W2)> dudv— /01 Wozf(x(ul, v, W)) -
%(ul, V, W) x g—f(ul,v W)) dvdw— /WO / f(x(u, vy, w)) -
g—i(u,vl,w) X g—fj(u,vl, )) dw du+/ f f(x(u, v, wp)) -

Wo

X X W2 pth
(Uo, v, W) x —(Uo, V, W) dvdW+/ / fOe(u, vo, w)) -
u av Wo

(

(

(%(u, V, Wo) X %(u, v, W0)> dudv+ /\:: W2‘ILF(X(UO, v, W)) -
( )

(

X IX
B—W(u, Vo, W) X a—u(u, Vo, W)) dw du (3.25)
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For eachd € D we have

h(wz + d) — h(wy)

wa+d ur pva
/ / / (dwf)[a—X o a—X]oluolvdw—/ /
au’ av’ aw u Jvo

Fou, v, W + d)) - (g—ﬁ(u, v, Wo + d) x %(u, v, Wo+ d)) dudv
W2 d
/ / i f(¢(ug, v, w)) - <2—>j(u1, V, W) X %(ul, v, W)) dv dw

wo+d
/ / f(¢(u, vy, w)) - (—(u Vi, W) X —(u vl,w)> dw du
/ / f(x(u, v, wo)) - (g—ﬁ(u,v, Wp) X %(u,v, wo))du dv
wo+d
/ / f(x(ug, v, w)) - (g—ﬁ(uo, V, W) X g—é(uo, v, w)) dv dw

wo+d
f i / f(¢(u, vo, wW)) - (—(u Vo, W) X —(u Vo, w)) dw du

1 1 W2 1 1
—/ [ (div f) [8—X %, %} dudv dw+/ / f(x(u, v, wp)) -
uw Jvo Jwo au Jdv ' Iw u Jvo

W2
—(u, v, wp) x (u vV, W) | du dv+ f(x(ug, v, w)) -
VQ Wo

X(ul,v, W) X —(ul v, w)) dv dw+ / fo¢(u, vy, w)) -

( jf/(u,vl, W) x —(u Vi, )) dw du— / §0<(u, v, Wo)) -
(g—i(u,v,wo) X —(u vV, Wp) | dudv— V W2f(x(uo,v, w)) -

oWo

X(uo,v, W) x —(uo,v w)) dvdw-— / T(¢(u, vo, w)) -

X X
W(u, Vo, W) X a—u(u, Vo, W)) dw du
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Up pvi pwo+d up pva
=/ / / (div ) [a—x,%,%}dudvdw—/ /
w Jvo Jws Jdu ov ow uo Jvo

f(x(u, v, wy + d)) - <§—z<(u, vV, Wy +d) x g—é(u, vV, Wy + d)) dudv
/ /W2+dif(x(u1, v, W)) - <%(u1, V, W) X a—x(ul, v, w)) dvdw
wo+d
f / f(<(u, vy, w)) - <—(u V1, W) X —(u V1, W)) dw du
/ / foe(u, v, wy)) - (—(u V, W) X —(u v, wg))du dv

/Vl/W2+df(X(u°’V’ w)) - <8—(U0'V’ w) x 8—(Uo,v,w)) dv dw

wo+d
/ / f(x(u, vo, wW)) - <—(u Vo, W) X —(u Vo, w)) dwdu=0
[Lemma 3.3] (3.26)

This means thah’ = 0 on [wp, w1], so thath is constant onWyg, w1]. Since
h(wo) = 0 trivially, we haveh = 0 on [wo, w1]. In particular,h(w;) = 0, which is
tantamount to (3.24). O

4. ROTATION

Let f be a vector field as in the previous section. ugtvg, Uz, v1 € R with
Uo < Ui andvp < vi. We assume that we have a functiog,[ui] x [Vo, vi] — R3
assigningi(u) = x(u, v) = (x(u, v), y(u, v), z(u, v)) € R3? to eachu = (u, v) €
[Uo, U] x [vo, v1]. Letd, dy € D. Letug = (Uo, Vo) ando = (Xo, Yo, Zo) = X(Uo).
Then we have

Theorem 4.1(Infinitesimal Stokes’s Theorgm

Uo+d; pVo+dz ox X
/ / (rotf) - (— X —) dudv
Uo Vo ou  dav

_ / v ( =, vO))dU+ / :0+d2f(><(uO+dl,v)).

Uo

X Uotdh ax
—(u0+dl,v)dv—/ f(<(u, vo + d2)) - —(u, vo + dz) du
v " au

Vo+dz
—/ x f(%(uo, V)) - %(uo, v)dy, (4.1)

whererot f stands for(3 — £, 27 — 3 29 — &8y,
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Proof: We have

Up d1
/ ' f(x(u, vo)) - g—i((u, Vo) du = dif(x(uo)) - %(UO) [Proposition 2.1]
" (4.2)

Uo+dy X
/ f(x(u, vo + d2)) - %(U,Vo-i-dz)du
Uo

= dif(x(ug, Vo + dy)) - %(uo, Vo + dy) [Proposition 2.1]

_ oy <x0+d2 (uo)> { 9% (110) + 82XV(UO)}

=d {f(Xo) + dz (Uo) (Xo) + d2 (Uo) (Xo)

(Uo) (Xo)} { g—ﬁ(Uo) +d 8?1 ?v (Uo)}

2

—dl{f(xO) 0% ko + ) - (i) + o () () )
+ el () ()5 40 + dz—j(uO)—Z(uO)—(xO)
+ 02 () 2% 1) 29 ) 4+l 2 1) o) o )
. d%(uO)a(uO)—f(xO) + o () g2 () )

X (1) 22 1) L (1) + dz—(uO)—(uO)—<><o)} @.3)

/ “ietuovy 2 (U0, ) 8V = f(x(0o) - o (i) [Proposition 2.1]  (4.4)

0

Vo-+dy P4
/ f(X(ug + dg, Vv)) - a—V(UO +dp, v)dv
Vo

— 4, {f(xO) 0% 0 + ch(40) - =0 (1i) 4+l (i) (o) (o)

+ 0 2 (10) 3 (00) 5 ) + dla—j(uO)a—j(uO)E(xO)
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X ay ag X 0z oh
+ dlE(UO)a_V(UO) a—X(Xo) + dlE(UO)a_V(UO)a_X(XO)
au X of ay 0z oh
d1— (Uo) — (Uo) — dy = (o) — (Ug) —
+d; " (Uo) v (uo) ay(Xo) +d 4 (Uo) 8V(Uo) ay(Xo)
0z X of 0z 0 0
i 2 (10 ()5 4 + i - (20 (1) 32| [By the same token
u v z u v z asin (4.3)] (4.5)
(4.2) + (4.5) — (4.3) — (4.4)
ay ay
E(UO) E(UO)
0z

o) ()

az(u ) E)z(u )
af doh aus gyt °
+<5(U°"&‘U°)) X ox

E(UO) B_V(UO)

= did» (%(Uo) - %(%))

aX

(o) X(uo)
a9 of us Y v ?
+ (B_X(UO) - a—y(U0)> ay “

P o

Uo+d1 pVotdz ax 9%
Zf / (rotf) - <— X —) dudv [Proposition 2.1] (4.6)
Up Vo au 8V

This completes the proof. O

Now we would like to derive the usual local version of Stokes’s theorem from
Theorem 4.1. We need the following lemma.

Lemma4.2. We have
up pvot+dz P
/ / (rotf) - (—X X 3—X> dudv
u Jvo ou  av
Uy % Vo+ds
= [ o) S dut [ i v)-
Up au Vo
X th X
= (u, v)dv—/uO 40, Vo + b)) - (U, Vo + ) du

Vo+d2
— / f(x(ug, v)) - g—é(uo, v)dv 4.7)
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Proof: Let us define a functiorf : [ug, u;] — R. For eachu, € [ug, u;] we
decree that

Uz pVo+ds uz
f(up) = / (rot) - (3X %)dudv— f 40, ¥0) - (1, vo)
U Uo

o YVo

Vo+dp uz
—/ f(x(uz, v)) - g—f(uz, v)dv+f f(¢(u, vo + dp)) -

Vo
IX vo+dz 3%
—(u,vo + dp) du+ / f(%(uo, v)) - — (Ug, v) dv[1pt] (4.8)
au Vo ov
For eacld € D we have

f(uz+d)— f(up)
upy+d pvo+dy 9% 95 Uyid o
- 1) (55 X 5y )dudv—[ (U vo) - oo (u, Vo) d
/UO /VO (rotf) (au X av> udv / (%(u, vo)) au(“ Vo) du

Uo

Vo-+dy ox uzx+d
—/ f(x(uerd,v))-a—v(uz+d,v)dv+/ f(<(u, vo + dp)) -
Vo Uo

B) Vo+0a E)
@(u, Vo + dz)du+ / f(x(uo, V)) - W(uo, v)dv

Vo

Uz Vot % X uz ax
—/uo /VO (rotf) - <ﬁ X 5)0“1 dv+ /UO f(x(u,vo))-%(u,vo)du

Vo+d Uz
+/ f(x(uz, v)) - g—f(uz, v)dv — f f(<(u, vo + dy)) -

ax Votdz ax
—(u, dy) du — f(*(uo, v)) - —(uo, v)d
uvotaau— [, v) - T vy

ux+d ,vo+d; up+d
=/ / (rotf) - (8—X X %> du dv—/ f(x(u, vo)) - (u Vo) du-
U Vo au  av Up

ux+d

Vo+d2
—/ : f(x(u2+d,v))-g—i(u2+d,v)dv+/ f(x(u, vo + d2)) -

Vo uz
ax Vo+dz X
E(u,voerg)dqu/V0 f(x(uz,v))~5(u2,v)dv=0

[Theorem 4.1] (4.9)
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This meansthat’ = 0 on [ug, u;], so thatf is constant onyg, u;]. Sincef (ug) =
0 trivially, we havef = 0 on [ug, uj]. In particular, f (u;) = 0, which is tantamout
to (4.7). O

Theorem 4.3(Stokes’s Theorem We have

o a9
f / (rotf)~<—xx—x)dudv
u Jvo ou  ov

:/ lf(X(U,Vo))-g—?j(u,Vo)dU-i-/ 1"LF(X(ul, v))-%(ul,v)dv
—/ l"LF(X(u,vl))-g—ﬁ(u,vl)du—/ 1"LF(X(uo, v))-g—ff(uo, v)dv (4.10)

Proof: Letusdefine afunctiog : [vo, vi] — R. Foranw, € [vo, v1] we decree
that

U V2 X X t X
g(vo) = /uo fvo (rotf) - (ﬁ X 8—\/) dudv— /UO f(x(u, vo)) - E(u,vo)du

—f 2‘[F(X(ul,v)) . %(ul,v)dv+f 1f(x(u,vz)) . §—i<(u,v2)du

+/V2f(x(uo, v)) - g—é(uo, v)dv (4.11)

For anyd € D we have

g(vz2 +d) — g(v2)
uy vo+d BX ax U aX
AL (% * m) dudv— [ w10 - T vo du

Vo+d Uz
—f i f(x(ug, v)) - g—f(ul, v)dv+/ fo¢(u, vo + d)) - g—ﬁ(u, v, +d)du

Vo

vz+d ax U v X
+/VO f(x(uo, Vv)) - a—v(uo, v)dv — /uo /VO (rotf) - <8_u X a—v)du dv

+/U1f(><(u, Vo)) - g—fj(u, Vo) du + /vzf(x(ul, V) - g—é(ul, v)dv



Synthetic Vector Analysis 1187
t X V2 X
- [ it v - v du = [ e, v) - 5 e, v)dv
Ug 8u Vo 8V

up Vo+d 8X ax u ax
B /uO /\/z (rot)- (E x E) dudv- /uo FG(u, v2)) - - (U, v2) du

va+d ax U ax
—/ f(x(uq, v)) - —(ug, v)dv+/ f(x(u, vo +d)) - —(u, v» +d)du
Vo ov Uo ou

vo+d X
+/ f(¢(ug, Vv)) - a—v(uo, v)dv=0 [Lemma4.2] (4.12)
V2
This means that’ = 0 on [vg, V4], So thatg is constant on, v1]. Sinceg(vo) = 0
trivially, we haveg = 0 on [vg, v1]. In particular,g(v1) = 0, which is tantamount
to (4.10). O
5. diverot=0

In this section we will give a highly geometric proof of divot = O.

Theorem 5.1. We have
div(rotf) =0 (5.1)

Proof: On the one hand we have

Up+dy pvo+dz pwo+tds aX 8X 3X
f / div(rotf) [— —, —} dudvdw
U Yo Wo Jdu av ow

Up+dy pvo+dz IX
=/ / (rotf(u, v, wo + dg)) - (—(U,V, Wo + da)
U Vo au

% Vo+d;  pWo+dz
X E(u,v, W0+d3)>du dv+/ f (rot f(ug + dp, v, w)) -
Vo

Wo
X oX
<a—v(uo +dg, v, W) x a—W(uo +dq, v, W)) dvdw
Wo+ds pUo+dr ox
+f f (rotf(u, vo + dp, w)) - (—(u,v0+d2,w)
Vo Uo ow
9% Up+dy pvo+dz
X —(u,vo+d2,w)> du dw—/ / (rot f(u, v, wp)) -
au Uo Vo

ax % Vo+dz pwotds
<—(u, vV, Wg) x — (U, V, wo)> du dv—/ / (rot f(uo, v, wW)) -
ou v o Wo

X X dvd Wo+0d3 puUo+dy .
(E(UOyVyW)XM(UOaVyW)) vdw— /UO (rotf(u, vo, w)) -

Wo
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X ax
(a—w(u, Vo, W) X %(u, Vo, W)> dudw [Theorem 3.1]
Up+0y %
= {/ f(u, vo, o + d3) - —(u, Vo, Wo + d3) du
Uo ou
Vo+dz ax
+/ f(Uo+d1,V,Wo+d3)'W(Uo+d1,V,Wo+d3)dV
Vo

Uo+dy %
—/ f(U7Vo+d2,Wo+d3)'%(U,Vo-l—dz,wo-l-ds)du

Uo

Vo+dz aX
—/ f(uo, v, Wo + dg) - — (uo, v, Wo+d3)dV}
Vo ov
Vo+dz ax
+ {/ f(uo + di, v, Wo) - —(Uo + d1, v, Wo) dv
Vo ov

Wo+ds3 ax
+/ f(up + dy, Vo+d2,W)'m(Uo+d1,Vo+d2, w) dw

Wo

Vo+dy aX
- / f(up + dy, v, Wo—i-ds)'a(uo*—dl,V, Wo + dz) dv

Vo

Wo+ds3 ax
—/ f(ug + dg, vo, W) - m(uo—i—dl, Vo, W)dW}

Wo

Wo+ds ax
+ {/ f(UO,Vo—i-dz, W) m(Uo, Vo—i—dz,W)dW

Wo

Up-+d; %
“r/ f(u, vo + d2, wg + ds) - E(Uo, Vo + da, Wo + d3) dw

Uo

Wo+d3 %
—/ f(uo + dy, Vo + dp, W) - m(uo-i-dlyvo—i-dz, w) dw

Wo

Uo+dy IX
—/ f(u, vo + da, Wo) - E(Uo, Vo+d2,Wo)dW}

Uo

Up+dy X
— {/ f(u, vo, Wp) - @(U’VO’ Wo) du

Uo

Vo+d2 ax
+/ f(ug + dy, v, wo) - E(uo—i—dl,v, Wo) dv

Vo

Up+dy X
—/ f(U1V0+d21W0)‘E(U,Vo-i-dz,Wo)du

Uo
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Vo+dz X
- [ w0 P v wo dv}

Vo

Vo+d; oX
- {/ f(uo, v, Wo) -a—v(uo, v, Wp) dv

Vo

Wo+d3 X
—i—/ f(uo, Vo + da, W) - m(uo,Vo-i-dz, w) dw

Wo

Vo+ds X
- / (o, v, Wo -+ ) - (Ui, v, Wo + i) dv

Vo

Wo-+ds X
—f f(uo, vo, W) - m(uo, Vo, W) dw}

Wo

w0+d3{F % g
- {/WO (uo, Vo, W) - 8—W(Uo, Vo, W) dw

Uo+dp ax
+/ f(u, vo, Wo + ds) - E(Uo, Vo, Wo + dg) dw

Uo

Wo-+d3 X
—f f(Uo + d, Vo, W) - ——(Uo + di, Vo, W) dw
Wo ow

Up+dz ax
—/ f(u, vo, Wo) - E(uo, vo,wo)dw} [Theorem 4.1]

=0 (5.2)

On the other hand we have

Uotds pvotdy pwotds O0X 0X OX
/ / / div(rotf) [— —, —]dUdV dw
Uo Vo Wo gu’ov- ow

= dydds(div(rot f))(xo) [2—??(@]0), %(uo), g—i(uo)} [Proposition 2.1] (5.3)

Therefore, if we takai = x, v =y, andw = z, then it follows from (5.2) and
(5.3) that (5.1) obtains. O
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